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In this paper, we realize a topological superconductor (TSC) in correlated topological insulator
- the interacting spinful Haldane model. We consider the electrons on the Haldane model with
on-site negative-U interaction and then study its properties by mean field theory and random-
phase-approximation (RPA) approach. We found that in the intermediate interaction region, the
ground state becomes a TSC with the Chern number ±2. We also study its edge states and the
zero modes of the pi-flux.
I. INTRODUCTION
Different from the traditional superconductor (SC),
topological superconductor (TSC) always has the
topologically-protected gapless Majorana edge states[1].
For TSCs, people cannot use the local order parameter
to characterize them. Instead, it is the topological in-
variable that plays the role to classify the topological
properties of TSCs. According to the characterization
of ”ten-fold way” from random matrix[2–4], there exist
three types of TSCs in two dimensions: D-type chiral
TSC, of which the topological invariable is the Chern
number[5], C-type chiral TSC, of which the topologi-
cal invariable is also the Chern number and DIII-type
TSC[5], of which the topological invariable is Z2 topo-
logical invariable. For the D-type chiral TSC, a typical
example is two dimensional px ± ipy chiral p-wave su-
perconductor. This TSC has exotic topological proper-
ties, such as the topological protected chiral Majorana
edge states and Majorana zero mode on pi-flux[1]. In
particular, a pi-flux with Majorana mode becomes non-
Abelian anyons due to its non-Abelian statistics[5]. To
realize a D-type TSC people always consider the system
with s-wave pairing SC and strong spin-orbital coupling
in strong Zeeman field[6, 7]. For the C-type chiral TSC,
a typical example is two dimensional dx ± idy chiral d-
wave superconductor. This TSC also has the topological
protected chiral edge states and zero mode on pi-flux[5].
However, till now people cannot realize the dx±idy chiral
d-wave superconductor in a physical system.
In this paper we will show another road to realize a
TSC in an interacting topological insulator - the inter-
acting spinful Haldane model. The Haldane model is a
lattice model that illustrates integer quantum Hall effect
without Landau levels[8]. We consider the electrons on
the Haldane’s model with on-site negative-U interaction
and then study its properties by mean field theory and
RPA approach. We found that in the intermediate in-
teraction region, the ground state becomes a TSC with
the Chern number ±2. For the ground state there is a
local order parameter and the elementary excitations are
gapless phase fluctuations and gapped quasi-particle (an
∗Corresponding author; Electronic address: spkou@bnu.edu.cn
electron or a hole). To characterize its topological prop-
erties, we study its edge states and the zero modes on the
pi-flux. Thus we propose that the s-wave topological su-
perconductor/superfluid may be realized by putting two-
component (two pseudo-spins) interacting fermions on a
honeycomb optical lattice.
The paper is organized as below. In Sec. II, we start
with the Hamiltonian of the interacting spinful Haldane
model on the honeycomb lattice. In Sec. III, We calcu-
late the superconducting order parameter with mean field
approach and get a global phase diagram at zero temper-
ature. In Sec. IV, we discuss the topological properties of
the TSC, including the zero modes of the pi-flux and the
edge states. In Sec. V, we calculate the phase stiffness of
the TSC. In Sec. VI, we discuss the physical realization
of the s-wave topological superconductor/superfluid in a
honeycomb optical lattice. Finally, the conclusions are
given in Sec. VII.
II. THE SPINFULL HALDANE MODEL WITH
ATTRACTIVE INTERACTION
In this paper, we consider the Hamiltonian of the corre-
lated Chern insulator - spinful Haldane model on honey-
comb lattice with the on-site attractive interaction as[8–
11]
H = HH +H
′ − U
∑
i
nˆi↑nˆi↓ − µ
∑
〈i,σ〉
cˆ†iσ cˆiσ. (1)
where U > 0 is the on-site interaction strength. nˆi↑ and
nˆi↓ are the number operators of electrons with up-spin
and that with down-spin, respectively. σ are the spin-
indices representing spin-up (σ =↑) and spin-down (σ =↓
) for electrons. µ is the chemical potential and we only
consider half-filling case by setting µ = 0. HH is the
Hamiltonian of the spinful Haldane model which is given
by
HH = −t
∑
〈i,j〉,σ
(
cˆ†iσ cˆjσ + h.c.
)
−t′
∑
〈〈i,j〉〉,σ
eiφij cˆ†iσ cˆjσ+h.c.
Here t and t′ are the nearest neighbor and the next near-
est neighbor, respectively. To break time-reversal sym-
metry, we introduce a complex phase φij into the second-
neighbor hopping, and set the direction of the positive
2phase is clockwise
(|φij | = pi2 ). H ′ denotes an on-site
staggered energy which is
H ′ = ε
∑
i∈A,σ
cˆ†iσ cˆiσ − ε
∑
i∈B,σ
cˆ†iσ cˆiσ.
-
a0
b1
b2
b3
B
B
B
B
B
B
B
A
A
A
A
A
a1
a2
a3
A
+
FIG. 1: (Color online) The illustration of the honeycomb lat-
tice
Using the Fourier transformations, the electronic an-
nihilation operators on the two sublattices are written
into
cˆi∈A,σ =
1√
Ns
∑
k
eik·Ri aˆkσ,
cˆi∈B,σ =
1√
Ns
∑
k
eik·Ri bˆkσ. (2)
Ns denotes the number of unit cells. For free fermions
(the on-site Coulomb repulsion U is zero), the spectrum
is
Ek = ±
√
|ξk|2 + (γk + ε)2 (3)
where
|ξk| =
∣∣∣∣∣t
3∑
i=1
eik·ai
∣∣∣∣∣ (4)
= t
√
3 + 2 cos (
√
3ky) + 4 cos (3kx/2) cos (
√
3ky/2)
and
γk = 2t
′∑
i
sin (k · bi).
The parameters a1, a2 and a3 are the nearest neighbors
of the A sublattice (See Fig.1) which are defined as
a1 = a0(
1
2
,
√
3
2
), a2 = a0(
1
2
,−
√
3
2
), a3 = a0(−1, 0) (5)
and b1 = a2 − a3,b2 = a3 − a1,b3 = a1 − a2. a0 is the
length of the hexagon side and is set to be unit.
From the spectrum of free fermions, we can see that
there exist energy gaps near the points k1 =
2pi
3 (1,
1√
3
)
and k2 = − 2pi3 (1, 1√3 ) as
∆E =
∣∣∣2ε− 6√3t′∣∣∣
When the energy gap closed, we can get the phase bound-
ary. We can see that there exist two phases in the free
electron case: the topological insulater with anomalous
quantum Hall effect (we call it QAH) and the normal
band insulator (NI) state. For each spin-component of
fermions, the Chern number is defined by
C =
1
4pi
∫
Ω
d2k[n · ∂xn× ∂yn] = ±1 (6)
where n is defined as n = d|d| where
d = (dx, dy, dz)
and
dx = Re ξk,
dy = Im ξk,
dz = γk + ε.
Then at zero temperature (T = 0), due to spin rotation
symmetry, we obtain C = ±2 in QAH and C = 0 in NI.
The eigen-state of the two states are depicted in Fig.2
and Fig.3. One can see that there is gapless edge states
in QAH while no edge states in NI.
FIG. 2: (Color online) The edge states of nornal insulator with
open armchair boundary. The parameters are t′/t = 0.05,
ε/t = 0.3.
III. MEAN FIELD PHASE DIAGRAM AND
TOPOLOGICAL QUANTUM PHASE
TRANSITION
When increasing the interaction strength, we get an
s-wave pairing SC order. The SC order parameter of the
3FIG. 3: (Color online) The edge states of topological insulator
(or QAH) with open armchair boundary. The parameters are
t′/t = 0.05, ε/t = 0.01.
s-wave SC is
〈cˆ†i,↑cˆ†i,↓〉 = ∆.
Then in the mean field approach, the Hamiltonian can
be written as
H = HH +H
′ − U∆
∑
i
cˆ†i,↑cˆ
†
i,↓ + h.c.. (7)
In the momentum space, it becomes
H =
∑
k
Ψ†khkΨk (8)
where the basis vector Ψ†k is
(
aˆ†
k↑ aˆ−k↓ bˆ
†
k↑ bˆ−k↓
)
and
hk =


γk + ε −U∆ −ξk 0
−U∆ γk − ε 0 ξk
−ξ∗
k
0 −γk − ε −U∆
0 ξ∗
k
−U∆ −γk + ε

 . (9)
After diagonalization, we can obtain the spectrum of the
quasi-particles
Ek1 = ±
√
(|γk|+
√
(U∆)
2
+ ε2)2 + |ξk|2 (10)
and
Ek2 = ±
√
(|γk| −
√
(U∆)2 + ε2)2 + |ξk|2. (11)
Then in mean field approach, we get the self-
consistency equation to derive ∆ by minimizing the en-
ergy in the reduced Brillouin zone as
1 =
1
4Ns
∑
k
[
(|γk|+
√
(U∆)
2
+ ε2) (U)√
(U∆)2+ε2√
(|γk|+
√
(U∆)
2
+ ε2)2 + |ξk|2
−
(|γk| −
√
(U∆)2 + ε2) (U)√
(U∆)2+ε2√
(|γk| −
√
(U∆)2 + ε2)2 + |ξk|2
]. (12)
To determine the phase diagram, there are four types
of phase transitions : the quantum phase transition be-
tween topological s-wave SC order with ∆ 6= 0 and QAH
with ∆ = 0, the topological quantum phase transition
between topological s-wave SC order with ∆ 6= 0 and
the normal s-wave SC state with ∆ 6= 0, the quantum
phase transition between NI with ∆ = 0 and QAH with
∆ = 0, the quantum phase transition between NI and
the normal s-wave SC state with ∆ 6= 0. In particular,
the topological quantum phase transition between TSC
and normal s-wave SC is determined by the condition of
zero quasi-particle’s energy gap
∆f = 2(3
√
3t′ −
√
(U∆)2 + ε2) = 0. (13)
After determining the phase boundaries, we plot the
phase diagram in Fig.4. In the phase diagram of Fig.4,
there exist four different quantum phases : QAH, NI,
C = ±2 topological s-wave SC and the normal s-wave
SC.
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FIG. 4: (Color online) The phase diagram of the case ε/t =
0.15 at T = 0. There exist four phases : the NI state, the QAH
state, the topological s-wave state and the normal s-wave.
From Fig.4, one can see that in the non-interacting
limit (U = 0) , the ground state is a C = ±2 topolog-
ical insulator with QAH for t′ > 0.0288t and NI for
t′ < 0.0288t. At t′ = 0.0288t, the electron energy gap
closes at high symmetry points in the momentum space.
4FIG. 5: (Color online) The dispersion of electrons for t′ =
0.0288t when U = 0. We can see clearly that in the high
symmetry point the energy gap is zero and the dispersion has
a Dirac cone.
As a result, a third order topological quantum phase
transition occurs between QAH and NI. See the disper-
sion of electrons for t′ = 0.0288t in Fig.5. With the
increasing of the on-site Coulomb interaction strength,
the ground state can be an s-wave superconductor. For
t′ > 0.0288t, the quantum phase transition between QAH
and s-wave order is always first order which is denoted
by the black line in Fig.4.
In the region of 0.0288t < t′ < 0.035t, due to the
jumping of the superconductor order, the QAH state will
turn into normal s-wave state without gap closing. In
Fig.6 and Fig.7, we plot the SC order parameter and the
energy gap for the case of ε/t = 0.15, t′/t = 0.03. While
in the region of t′ > 0.035t, with the increasing of the
interaction strength, the QAH state will turn into the
topological s-wave SC order after crossing a first order
phase transition (black line in Fig.4) and then turn into
the normal s-wave order crossing a second order quantum
phase transition (red line in Fig.4). In Fig.8 and Fig.9,
we also plot the SC order parameter and the energy gap
for the case of ε/t = 0.15, t′/t = 0.1. In the region
of t′ < 0.0288t, the quantum phase transition between
NI and s-wave SC order is always second order which is
denoted by the black line in Fig.4. With the increase of
the interaction strength U, due to the smoothly change
of the SC order parameter, the NI state will turn into the
normal s-wave order after crossing a second order phase
transition. In Fig.10, we plot the SC order parameter for
the case of ε/t = 0.15, t′/t = 0.01.
IV. TOPOLOGICAL PROPERTIES OF TSC
In this section we will study the topological proper-
ties in the TSC state. The s-wave paired ground state
exhibits a non-trivial topological property that can be
signified by the Chern number C = ±2 in the momen-
tum space. Because the pairing is s-wave, such TSC be-
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FIG. 6: (Color online) The superconductor order ∆ for the
case of ε/t = 0.15 and t′/t = 0.03. (U
t
)∆ is the critical point
of the superconductor order phase transition.
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FIG. 7: (Color online) The energy gap ∆f for the case of
ε/t = 0.15 and t′/t = 0.03. (U
t
)∆ is the critical point of the
superconductor order phase transition.
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FIG. 8: (Color online) The superconductor order ∆ for the
case of ε/t = 0.15 and t′/t = 0.1. (U
t
)∆ is the critical point
of the superconductor order phase transition and (U
t
)c is the
topological quantum phase transition.
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FIG. 9: (Color online) The energy gap ∆f for the case of
ε/t = 0.15 and t′/t = 0.1. (U
t
)∆ is the critical point of the
superconductor order phase transition and (U
t
)c is the topo-
logical quantum phase transition.
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FIG. 10: (Color online) The superconductor order ∆ for the
case of ε/t = 0.15 and t′/t = 0.01. (U
t
)∆ is the critical point
of the superconductor order phase transition.
longs to topological superconductor. In this section we
calculate the edge states and the zero modes around the
pi-flux.
A. Edge states
In this part, we study the edge states of TSC. The
dispersion of the edge states of normal SC and that of
TSC are plotted in Fig.11 and Fig.12, respectively. From
them, we find there exist no gapless edge states in the
normal SC. While for TSC there always exist two gapless
edge states.
FIG. 11: (Color online) The edge states of normal SC with
”zigzag” open boundary for parameters t′/t = 0.1, ε/t = 0.15,
U/t = 3.5.
FIG. 12: (Color online) The edge states of TSC with ”zigzag”
open boundary for parameters t′/t = 0.1, ε/t = 0.15, U/t =
3.125.
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FIG. 13: (Color online) The particle density around a pi-flux
in TSC.
6B. Zero modes of pi-flux
After recognizing the properties of edge states, we turn
to study pi-flux. A pi-flux denotes half a flux quantum
one plaquette of the square lattice, 12Φ0 (Φ0 =
hc
e
). For
a TSC on a honeycomb lattice, a pi-flux on a plaquette
is confined at zero temperature and cannot be real exci-
tation. From the numerical calculations, we found that
there exist two zero modes around each pi-flux. And in
Fig.13, we plot the particle density around a pi-flux in
TSC phase.
V. PHASE STIFFNESS
In this section we study the phase fluctuations of
TSC going beyond mean field method by random-phase-
approximation (RPA) approach [13]. Now the SC order
parameters become ∆(i) = |∆| eiθi . For the fluctuated
SC order parameters ∆(i), there are two bosonic modes :
a gapped amplitude mode and the Goldstone mode (the
mode describing phase fluctuations).
In the imaginary-time path-integral representation
(β = 1/T , ℏ = kB = 1), using the Hubbard-Stratonovich
transformation, the partition function can be written
as[12]
Z =
∫
[dc∗σdcσ][d∆
∗d∆]e−S(c
∗
σ,cσ,∆
∗,∆) (14)
S =
∫ β
0
dτ
∑
r
{ 1
U
∆∗∆+ c∗σ∂τc
∗
σ +Ht +Ht′ +Hε
−∆(r, τ)cσ(r, τ)cσ¯(r, τ) −∆∗(r, τ)c∗σ¯(r, τ)c∗σ(r, τ)}.
After integrating over the electron fields, in the momen-
tum space, the action can be written as
S =
β
U
∑
q,η=A,B
∆∗η(q)∆η(q) + 2βµN −
∑
q
lnG−1
where ∆η(q) = ∆η,0 + Λη(q), ∆η,0 = ∆0 and G
−1 =
G−10 +G
−1
1 with
G−10 =


iωm + γk + ε −∆0 −ξk 0
−∆0 iωm + γk − ε 0 ξk
−ξ∗k 0 iωm − γk − ε −∆0
0 ξ∗k −∆0 iωm − γk + ε


and
G−11 =


0 −ΛA(q) 0 0
−Λ∗A(−q) 0 0 0
0 0 0 −ΛB(q)
0 0 −Λ∗B(−q) 0

 .
(15)
Here we have used
Λη(q) =
1√
N
∫
dxΛη(x)e
−iq.x
Λ∗η(−q) =
1√
N
∫
dxΛ∗η(x)e
−iq.x
Λη(x) =
1√
N
∑
q
Λη(q)e
iq.x
Λ∗η(x) =
1√
N
∑
q
Λ∗η(q)e
−iq.x
Next, we investigate the Gaussian fluctuations around
the saddle point. Using the expansion of the natural
logarithm of
Tr lnG−1 = ln(G−10 +G
−1
1 ) (16)
= Tr lnG−10 −
∞∑
l=1
(−1)l
l
Tr(G0G
−1
1 )
l,
we expand the action to second order of the fluctuation
fields Λη(q). This procedure leads to an effective action
as
S = S0 + S
′
1 (17)
where the effective action at the saddle point is
S0 =
β
U
∑
η=A,B
∆η,0∆η,0 + 2βµN − Tr lnG−10 (18)
and the effective action corresponding the quantum fluc-
tuations reads
S′1 =
1
2
Tr
∑
q,p
(G0(p)G
−1
1 (p, p− q)G0(p− q)G−11 (p− q, p))
+
β
U
∑
q,η=A,B
∆∗η(q)∆η(q)
= S1 + S2 (19)
where
S2 =
β
U
∑
q,η=A,B
∆∗η(q)∆η(q) (20)
and
S1 =
β
2
∑
q
Λ†qQ
′(q)Λq. (21)
7Here Λ†q = (Λ
∗
A(−q),ΛA(q),ΛB(q),Λ∗B(−q)) denotes the
fluctuation field and Q′(q) is given by the following ma-
trix
Q′(q) =


Q′11(q) Q
′
12(q) Q
′
13(q) Q
′
14(q)
Q′21(q) Q
′
22(q) Q
′
23(q) Q
′
24(q)
Q′31(q) Q
′
32(q) Q
′
33(q) Q
′
34(q)
Q′41(q) Q
′
42(q) Q
′
43(q) Q
′
44(q)

 (22)
where
Q′11(q) =
1
βN
∑
p
G022(p)G011(p− q),
Q′12(q) =
1
βN
∑
p
G012(p)G012(p− q),
Q′13(q) =
1
βN
∑
p
G032(p)G014(p− q),
Q′14(q) =
1
βN
∑
p
G042(p)G013(p− q), (23)
Q′21(q) =
1
βN
∑
p
G021(p)G021(p− q),
Q′22(q) =
1
βN
∑
p
G011(p)G022(p− q),
Q′23(q) =
1
βN
∑
p
G031(p)G024(p− q),
Q′24(q) =
1
βN
∑
p
G041(p)G023(p− q), (24)
Q′31(q) =
1
βN
∑
p
G023(p)G041(p− q),
Q′32(q) =
1
βN
∑
p
G013(p)G042(p− q),
Q′33(q) =
1
βN
∑
p
G033(p)G044(p− q),
Q′34(q) =
1
βN
∑
p
G043(p)G043(p− q), (25)
Q′41(q) =
1
βN
∑
p
G024(p)G031(p− q),
Q′42(q) =
1
βN
∑
p
G014(p)G032(p− q),
Q′43(q) =
1
βN
∑
p
G034(p)G034(p− q),
Q′44(q) =
1
βN
∑
p
G044(p)G033(p− q). (26)
See the details of G0 in appendix.
For the term Q′ij(q), using the Matsubara summation
formula as 1/β
∑
ωm
1/(iωm −E) = nF (E), at zero tem-
perature we may obtain
8Q′ij(q) =
1
βN
∑
p
G0kl(p)G0mn(p− q)
=
1
N
∑
k
1
β
∑
ωm
(
Akl
iωm + E+(k)
+
Bkl
iωm − E+(k)+
Ckl
iωm + E−(k)
+
Dkl
iωm − E−(k) )(
Amn
iωm − iωn + E+(k− q)
+
Bmn
iωm − iωn − E+(k− q) +
Cmn
iωm − iωn + E−(k− q)
+
Dmn
iωm − iωn − E−(k− q) )
=
1
N
[
∑
k
AklBmn
−iωn − E+(k− q)− E+(k) +
∑
k
AklDmn
−iωn − E−(k − q)− E+(k)∑
k
−BklAmn
−iωn + E+(k− q) + E+(k) +
∑
k
−BklCmn
−iωn + E−(k− q) + E+(k)∑
k
CklBmn
−iωn − E+(k− q)− E−(k) +
∑
k
CklDmn
−iωn − E−(k− q)− E−(k)∑
k
−DklAmn
−iωn + E+(k− q) + E−(k) +
∑
k
DklCmn
−iωn + E−(k− q) + E−(k) ]
where ωm = (2n + 1)pi/β, ωn = 2npi/β, and nF (E) is
the Fermi distribution function which reads nF (E) =
1/(eβE + 1). When the usual analytic continuation
iωn → ω + i0+ is performed, and in static limit ω = 0,
Q′ij(q) is reduced into
Q′ij(q) =
−1
N
[
∑
k
Akl(k)Bmn(k− q) +Bkl(k)Amn(k − q)
E+(k− q) + E+(k)
+
∑
k
Akl(k)Dmn(k− q) +Bkl(k)Cmn(k− q)
E−(k− q) + E+(k) +∑
k
Ckl(k)Bmn(k− q) +Dkl(k)Amn(k − q)
E+(k− q) + E−(k) +∑
k
Ckl(k)Dmn(k− q) +Dkl(k)Cmn(k− q)
E−(k− q) + E−(k) ].
(27)
In order to obtain the phase stiffness, we can express
Λη(q) = χη(q)e
iϕη(q) = [λη(q)+ iθη(q)]/
√
2, where χη(q),
ϕη(q), λη(q) and θη(q) are the real fields. λη(q) and θη(q)
essentially can be regarded as the amplitude field and the
phase field, respectively. For the general cases, ϕη(q) is
small[13]. Then the field Λq in the new basis


λA(q)
θA(q)
θB(q)
λB(q)


is given by
Λq =
1√
2


1 i 0 0
1 −i 0 0
0 0 −i 1
0 0 i 1

 . (28)
In a rotated basis, the matrix Q′(q) can be changed
into Q˜(q). Now we have the action of the quantum fluc-
tuations as
S1 =
β
2
∑
q
Φ†qQ˜(q)Φq (29)
where Φ†q = (λA(q), θA(q), θB(q), λB(q) and Q˜(q) in this
9rotated basis reads
Q˜11(q) = (Q
′
11 +Q
′
21 +Q
′
12 +Q
′
22)/2,
Q˜12(q) = (iQ
′
11 + iQ
′
21 − iQ′12 − iQ′22)/2,
Q˜13(q) = (−iQ′13 − iQ′23 + iQ′14 + iQ′24)/2,
Q˜14(q) = (Q
′
13 +Q
′
23 +Q
′
14 +Q
′
24)/2,
Q˜21(q) = (−iQ′11 + iQ′21 − iQ′12 + iQ′22)/2,
Q˜22(q) = (Q
′
11 −Q′21 −Q′12 +Q′22)/2,
Q˜23(q) = (−Q′13 +Q′23 +Q′14 −Q′24)/2,
Q˜24(q) = (−iQ′13 + iQ′23 − iQ′14 + iQ′24)/2,
Q˜31(q) = (iQ
′
31 − iQ′41 + iQ′32 − iQ′42)/2,
Q˜32(q) = (−Q′31 +Q′41 +Q′32 −Q′42)/2,
Q˜33(q) = (Q
′
33 −Q′43 −Q′34 +Q′44)/2,
Q˜34(q) = (iQ
′
33 − iQ′43 + iQ′34 − iQ′44)/2,
Q˜41(q) = (Q
′
31 +Q
′
41 +Q
′
32 +Q
′
42)/2,
Q˜42(q) = (iQ
′
31 + iQ
′
41 − iQ′32 − iQ′42)/2,
Q˜43(q) = (−iQ′33 − iQ′43 + iQ′34 + iQ′44)/2,
Q˜44(q) = (Q
′
33 +Q
′
43 +Q
′
34 +Q
′
44)/2. (30)
Next, we focus on the phase fluctuations. Upon inte-
gration of the amplitude fields we obtain a phase-only
effective action as
S1 =
β
2
∑
q
θ†(q)Q˜phase(q)θ(q), (31)
where θ†(q) = (θA(q), θB(q)). The matrix Q˜phase corre-
sponding to phase-phase fluctuation is given by
Q˜phase(q) =
(
Q˜ph11 Q˜ph12
Q˜ph21 Q˜ph22
)
(32)
where
Q˜ph11 = −(Q˜21M ′11Q˜12 + Q˜24M ′21Q˜12 + Q˜21M ′12Q˜42 + Q˜24M ′22Q˜42) + Q˜22
Q˜ph12 = −(Q˜21M ′11Q˜13 + Q˜24M ′21Q˜13 + Q˜21M ′12Q˜43 + Q˜24M ′22Q˜43) + Q˜23
Q˜ph21 = −(Q˜31M ′11Q˜12 + Q˜34M ′21Q˜12 + Q˜31M ′12Q˜42 + Q˜34M ′22Q˜42) + Q˜32
Q˜ph22 = −(Q˜31M ′11Q˜13 + Q˜34M ′21Q˜13 + Q˜31M ′12Q˜43 + Q˜34M ′22Q˜43) + Q˜33
with the matrix M ′(q)
M ′(q) =
(
Q˜44(q)
Z(q)
−Q˜14(q)
Z(q)
−Q˜41(q)
Z(q)
Q˜11(q)
Z(q)
)
(33)
where
Z(q) = Q˜11(q)Q˜44(q)− Q˜14(q)Q˜41(q). (34)
Finally, the total phase-only effective action becomes
S′1 = β/2
∑
q
θ†(q)Q˜′phase(q)θ(q) (35)
where the matrix Q˜′phase(q) reads as
Q˜′phase(q) =
(
1
U
+ Q˜ph11 Q˜ph12
Q˜ph21
1
U
+ Q˜ph22
)
=
(
Q˜′ph11 Q˜
′
ph12
Q˜′ph21 Q˜
′
ph22
)
. (36)
The zero temperature superfluid density (phase stiffness)
ρs(0) is obtained by examining the Goldstone mode ac-
tion in the static limit. We numerically extract the zero
temperature superfluid stiffness ρs(0) by identifying
√
Q˜′ph11Q˜
′
ph22 −
√
Q˜′ph12Q˜
′
ph21 = [
√
3ρs(0)/2]q
2 (37)
for |q| → 0 [14].
Now we derive the superfluid density (the phase stiff-
ness) for the TSC at zero temperature ρs(0) = Q. Af-
ter obtaining the phase stiffness ρs(0), the effective La-
grangian of the phase fluctuations is given by
Leff ≃ 1
2
ρs(0)(▽θ)2. (38)
where θ(x) denotes the phase fluctuations. See the results
in Fig.15.
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FIG. 14: (Color online) The phase stiffness of TSC order at
T = 0. The green region is the TSC order.
VI. PHYSICAL REALIZATION
In this end, we design an effective fermion model with
C = ±2 topological superfluid (SF) as its ground state
in an optical lattice. When two-component fermions
with repulsive interaction are put into a honeycomb op-
tical lattice, one can get an effective interacting Haldane
model. It is easy to change the potential barrier by vary-
ing the laser intensities to tune the Hamiltonian param-
eters including the hopping strength (t-term), the stag-
gered potential (ε-term) and the particle interaction (U -
term).
We first design an optical lattice of the Haldane model.
The Haldane model had been proposed in the cold
atoms with three blue detuned standing-wave lasers,
of which the optical potential is given by V (x, y) =∑
j=1,2,3 V0 sin
2[kL(x cos θj + y sin θj) + pi/2] where V0 is
the potential amplitude, θ1 = pi/3, θ2 = 2pi/3, θ3 = 0,
and kL is the optical wave vector in XY plane [15]. When
two-component fermions are put into this honeycomb op-
tical lattice, we may get an effective Haldane model by
applying the Raman laser beams
HˆH = −t
∑
〈i,j〉,σ
cˆ†i,σ cˆj,σ − t′
∑
〈〈i,j〉〉,σ
eiφij cˆ†i,σ cˆj,σ
+ ε
∑
i∈A,σ
cˆ†iσ cˆiσ − ε
∑
i∈B,σ
cˆ†iσ cˆiσ + h.c.. (39)
We introduce a complex phase φij (|φij | = pi/2) to the
next nearest neighbor hopping, of which the positive
phase is set to be clockwise. To design a complex phase
of the next nearest neighbor hopping for two-component
fermions generated by gauge field on the optical lattice,
Raman laser beams in XY plane are applied with spacial-
dependent Rabi frequencies as Ω0 sin(k˜Lx+
pi
4 )e
iyk˜L and
Ω0 cos(k˜Lx +
pi
4 )e
−iyk˜L (k˜L = 2pi/(3a)) where a denotes
the length between nearest neighbor lattice sites. Then
we get a laser-field-generated effective gauge field on this
honeycomb optical lattice as that given in Ref.[16].
In addition, we consider a strong interaction via Fes-
hbach resonance techniqueHˆU = −U
∑
i
nˆi,↑nˆi,↓ where
U > 0 is the on-site attractive interaction strength
[17, 18]. Thus, we may have an s-wave SF state by tuning
the interaction between fermions via Feshbach resonance
technique.
Finally we get an interacting two-component fermions
system in 2D honeycomb optical lattice of the Haldane
model as
Hˆ = HˆH + HˆU − µ
∑
〈i,σ〉
cˆ†iσ cˆiσ. (40)
where µ denotes the chemical potential.
VII. CONCLUSION
In this paper we studied the correlated Chern insula-
tors by considering the electrons on the Haldane’s model
with on-site negative-U interaction. We obtained its
properties by using the mean field theory and RPA ap-
proach. We found that in the intermediate interaction
region, the ground state becomes a TSC with the Chern
number ±2. To characterize its topological properties,
we studied its edge states and the zero modes on the
pi-flux. In the end we gave a proposal to realize such
s-wave topological superconductor/superfluid by putting
two-component (two pseudo-spins) interacting fermions
on a honeycomb optical lattice.
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VIII. APPENDIX: THE MATRIX G0 OF RPA
APPROACH TO DERIVE THE PHASE
STIFFNESS OF TSC
In this appendix, we give the details about the matrix
G0 (= (G
−1
0 )
−1) as
G0 =


G0,11 G0,12 G0,13 G0,14
G0,12 G0,22 G0,23 G0,24
G∗0,13 G
∗
0,23 G0,33 G0,34
G∗0,14 G
∗
0,24 G0,34 G0,44

 . (41)
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Each element of G0 can be divided into
G0,ij =
Aij
iωm + E+
+
Bij
iωm − E+
+
Cij
iωm + E−
+
Dij
iωm − E−
=
numerator
denominator
(42)
where the term ”numerator” is
− iωm(Aij +Bij + Cij +Dij)(ωm + |ξk|2 +∆20 + ε2 + γ2k)
+ 2iωmγk(Aij +Bij − Cij −Dij)
√
∆20 + ε
2
+ [(Aij −Bij)E+ + (Cij −Dij)E−](ωm + |ξk|2 +∆20 + ε2 + γ2k)
+ [−(Aij −Bij)E+ + (Cij −Dij)E−]2γk
√
∆20 + ε
2
and the term ”denominator” reads
(iωm + E+)(iωm − E+)(iωm + E−)(iωm − E−).
For the element G0,ij , we can express the coefficients
as
Aij =
Mij +Nij
4
+
Pij −Qij
4E+
,
Bij =
Mij +Nij
4
− Pij −Qij
4E+
,
Cij =
Mij −Nij
4
+
Pij +Qij
4E−
,
Dij =
Mij −Nij
4
− Pij +Qij
4E−
, (43)
and the parameters for Mij , Nij , Pij , Qij are given as
follows: for G0,11, we have
M11 = 1,
N11 =
ε√
∆20 + ε
2
,
P11 = γk + ε,
Q11 =
−(ε2 +∆20 + εγk)√
∆20 + ε
2
; (44)
for G0,12, we have
M12 = 0,
N12 =
−∆0√
∆20 + ε
2
,
P12 = −∆0 ,
Q12 =
∆0 γk√
∆20 + ε
2
; (45)
for G0,13, we have
M13 = 0,
N13 = 0,
P13 = −ξk,
Q13 =
ξkε√
∆20 + ε
2
; (46)
for G0,14, we have
M14 = 0,
N14 = 0,
P14 = 0,
Q14 =
ξk∆0√
∆20 + ε
2
; (47)
for G0,22, we have
M22 = 1,
N22 =
−ε√
∆20 + ε
2
,
P22 = γk − ε,
Q22 =
−(ε2 +∆20 − εγk)√
∆20 + ε
2
. (48)
for G0,23 = −G0,14, we have
M23 = 0,
N23 = 0,
P23 = 0,
Q23 =
−ξk∆0√
∆20 + ε
2
; (49)
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for G0,24, we have
M24 = 0,
N24 = 0,
P24 = ξk,
Q24 =
ξkε√
∆20 + ε
2
; (50)
for G0,31 = G
∗
0,13
M31 = 0,
N31 = 0,
P31 = −ξ∗k,
Q31 =
ξ∗kε√
∆20 + ε
2
; (51)
for G0,32 = G
∗
0,23, we have
M32 = 0,
N32 = 0,
P32 = 0,
Q32 =
−ξ∗k∆0√
∆20 + ε
2
, (52)
for G0,33, we have
M33 = 1,
N33 =
ε√
∆20 + ε
2
,
P33 = −(γk + ε),
Q33 =
ε2 +∆20 + εγk√
∆20 + ε
2
; (53)
for G0,34, we have
M34 = 0,
N34 =
∆0√
∆20 + ε
2
,
P34 = −∆0 ,
Q34 =
∆0 γk√
∆20 + ε
2
; (54)
for G0,41 = G
∗
0,14, we have
M41 = 0,
N41 = 0,
P41 = 0,
Q41 =
ξ∗
k
∆0√
∆20 + ε
2
; (55)
for G0,42 = G
∗
0,24, we have
M42 = 0,
N42 = 0,
P42 = ξ
∗
k,
Q42 =
ξ∗kε√
∆20 + ε
2
; (56)
for G0,44, we have
M44 = 1,
N44 =
−ε√
∆20 + ε
2
,
P44 = −(γk − ε),
Q44 =
ε2 +∆20 − εγk√
∆20 + ε
2
. (57)
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